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THE ENDOMORPHISM RING OF A A-MODULE
OVER A RIGHT NOETHERIAN RING

BY
A. K. BOYLE AND E. H. FELLER

ABSTRACT

Let R be a right noetherian ring. A module My, is called a A-module provided
R satisfies the descending chain condition for annihilators of subsets of M. For a
A-module, a series 0C M, C M,C---C M, =M can be constructed in which
the factors M,/M,_, are sums of «,-semicritical modules where o, =, =+ =
a,. In this paper we utilize this series 1n studying A = End(Mx ). It is shown that
if N={f€e A|Kerf is essential in M}, then N is nilpotent. Specific bounds on
the index of nilpotency are given in terms of this series. Further if M is injective
and «-smooth, the annihilators of the factors of this series are used to provide
necessary and sufficient conditions for End M, to be semisimple.

1. Introduction

Throughout this paper, R denotes a right noetherian ring with Krull dimen-
sion @, i.e. |[R|=a. As in [7], a module My is termed a A-module provided R
satisfies the descending chain condition for annihilators of subsets of M. In [14],
it is shown that if Mg is a B-smooth module with |R/ann M |= B, then M is a
A-module. We show that every A-module over R has a close relationship to
modules of this type. Given any A-module M, there exists a chain of submodules
0CM,C:---CM, =M such that the factors are B,-smooth A-modules and
[R/ann(M,/M,_))| = B..

IfA=Endr(M)and N(A)={f €A l Ker f =. M}, then Shock provides condi-
tions in [16] which assure that nil subrings of A are nilpotent. If the module M is
noetherian, these conditions are satisfied. In [5], this result is extended to certain
essential extensions of M. We show that if M is a finite dimensional A-module,
then nil subrings of A are nilpotent. From this result it follows that if M is any
a-smooth, finite dimensional R-module and if N is any essential extension of M,
then in Endz N nil subrings are nilpotent.

Let M be a finite dimensional a-smooth module. In section 3, necessary and
sufficient conditions for Endr (E(M)) to be semisimple are provided in terms of
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linkage of «-coprimitive ideals of R. In this process, we determine exactly when
Endg I is a division ring, where I is an a-indecomposable injective module.

In section 4, we apply the results of [7] and [14], to determine that
the localization R,, of R with respect to the topology of right ideals .#, =
{H = Rx ] |R/H | < a}is semiprimary. Utilizing the results of section 3, we show
that R, is semisimple if and only if SI = I for all «-indecomposable injective
modules 1.

Throughout this paper, A denotes an arbitrary ring and R denotes a right
noetherian ring with Krull dimension a.

From [3], [4] and [8], we have the following definitions and conventions. All
modules are right unital. If § is a subset of M,, then S"=ann, S =
{a€A lsa =(0forall s €S}, andif S is a subset of A then §' = {x EMlxs =0
for all s €S}. If N is an essential submodule of M, we write N =, M, while
E. (M) or E(M) denotes the injective hull of M,.

Let B be an ordinal = @. An indecomposable injective module is called a
B-indecomposable injective if it contains a 8-critical module. The annihilator of
a B-critical R-module is termed a B-coprimitive ideal. An R-module M is called
B-semicritical provided there exists a finite collection of submodules K, - -, K,
such that (1., K, =0, where M/K, are B-critical for each i.

Let /i, be the topology [17] of right ideals H of R such that |R/H|< B,
where B is an ordinal — 1 < 8 = «. If Ny is a submodule of M, then the B-closure
of N in M is Cly(N)={x EM|xHCM, for some H€E.My}. Now M is
B-torsionfree provided Cl, (0) = 0, which implies that [xR | = 8 for all x € M. If
M is B-torsionfree, and there exists a nonzero x € M such that |xR | = B, then
M is termed a B-module. We will say that a module My is B-smooth provided
for every finitely generated submodule N of M, we have |N|=B. This is
equivalent to the statement that every submodule N of M, which has Krull
dimension, has Krull dimension g.

2. The semicritical socle series of A-modules and their endomorphism ring

Let M be a right R-module. If 8 is an ordinal, 8 =a =|R/, then the
B-semicritical socle of M is defined to be the sum of the B-semicritical
submodules of M. This is denoted Sc®(M). If M has no B-semicritical modules,
then Sc?(M)=0. The B-critical socle of M is the sum of the B-critical
submodules of M and is denoted S#(M). Clearly S#(M)C Sc?(M).

If M is B-torsionfree, it is shown in [4] that the B-closure, Cl; (SM), of S°M
in M is Sc®*M and hence M/Sc?M is B-torsionfree. This enables us to define the
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following series. The B-semicritical socle series for M is defined inductively:
ScPM = ScPM, Sci .M = Sc?(M/ScEM). Thus ScfM C ScEM C - - - C M, and this
is called the B-semicritical socle series for M. For simplicity, if M is B-
torsionfree, we will delete the B-superscript when referring to the 8-semicritical
socle series for M. Thus we write Sc,M for ScéM.

Let M be a right R module and let B, denote the minimal Krull dimension
among nonzero submodules of M. In general the B;-semicritical socle series for
M need not be finite. However in the case when this is finite, i.e. U/, ScP'M =
Scf;”M for some integer n(1), we can continue this procedure. Let M, = Scf;l)M.
Since the B;-semicritical socle series has stopped at M, necessarily M/M, has no
submodules of Krull dimension B,. Let B8,> B, denote the minimal Krull
dimension among nonzero submodules of M/M,. Then M/M, is B.-torsionfree
and we can construct a B,-semicritical socle series for M/M,. If at each stage we
obtain a finite S3,-semicritical socle series for M/M,_;, and if there are only a
finite number of these stages, we will say that M has a finite semicritical socle
series and write

0CSC;'M C-+-CSchyM = M, CSc’M C- -+ CSch, M
(*) =M,C--CM, CS*M C---CScte M
= Mk =M.

By construction, M/M,_, is B.-torsionfree and M, /M,_, is B,-smooth. In addition,
B.>p, fori>j.

2.1. LEMMA. Let M be a module with finite semicritical socle series (*). Let N
be a nonzero submodule of M which has Krull dimension. Then N C M, iff
|N|= B,. Furthermore, |N|= B, for some j, 1=j = k.

ProoF. Suppose |N|=p.. Since M/M, is B, -torsionfree and since
IN+M,/M |=|N|SB <B1, then N+M,/M CM/M implies that
N+M, /M =0, and NCM..

The remainder is proved inductively. Since M, is 8;-smooth, if N C M,, then
|N|= B.. Suppose N C M,. Let j denote the smallest integer such that N C M,.
Then N + M,_,/M, , is a nonzero submodule of the 8,-smooth module M,/M,_,
and thus |N+M,_,/M,|=B,. By induction [NNM,|Z8,. Thus |[N|=
sup{|N +M_J/M_|,INNM_|} =B =B,

Recall that an A module M is called a A-module if A satisfies the descending
chain condition on annihilators of subsets of M. In the next sequence of results
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we show that every A-module over the right noetherian ring R has a finite
semicritical socle series.

Over a ring with Krull dimension every smooth module having the same Krull
dimension as the ring, is a A-module. This is verified in [14, 2.3] and is stated
below for reference.

2.2. LeMmMA. Let A be a ring with Krull dimension B. If M is a -smooth
module, then M is a A-module.

Thus for the ring R, where |R | = a, every «-module is a A-module. The next
result provides us with a partial converse — if M is a 8-smooth A-module then
|R/ann M | = B. This enables us to utilize properties of the a-semicritical socle
series in [4].

If M is a right R-module, let M denote the quasi-injective hull of M. Unlike
E(M), when M is B-smooth the same is true of M since M =AM, where
A = Endg (E(M)). This close relationship between M and M enables us to prove
the following.

A module My is finitely annihilated if there exists xi,- -+, x, € M such that
annM =xiN--Nx,.

2.3. THEOREM. Let My be a B-smooth module with quasi-injective hull M.
The following are equivalent.

(1) R/ann M is B-smooth.

(2) M is a A-module.

(3) M is finitely annihilated.

(4) There exists a ring S such that M is an (S, R)-bimodule and sM is finitely
generated.

In this case M and M have finite B-semicritical socle series. Furthermore the ring
S can be chosen to be Endz M.

Proor. (1)—(2): Since B =|{M|=|R/ann M|, this follows from 2.2.

(2)— (3): Clear.

(3)—(4): Let S =Endx M. By [1, 1.5}, sM is finitely generated.

(4)— (1): Since sM is finitely generated, there exists X1, - - -, X, € M such that
Sx,++++Sx, =M. Thus ann(M)=()_,ann(x,). By [1, 1.5], there exist
my, - -+, m, € M such that ann M = );_, ann(m,). This provides a monomorph-
ism R fann M — M®. Since M is B-smooth necessarily R/ann M is -smooth.

Since |R/ann M |= 8 =|M|, then M has a finite semicritical socle series by
[4, 3.3]. Similarly this is true for M.

The equivalence of (3) and (4) can also be found in [7, p. 15].
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Neither the injective hull nor the quasi-injective hull of a A-module is
necessarily a A-module as can be seen in the following example. Let R = Z and
M=Q@Z, Then M is a A-module. However M = E(M) = Q @ Z: which is
not a A-module. Note that M is not smooth. If M is 8-smooth for some B then
the proof of 2.3 shows that M is also a A-module. As a result, 2.3 can also be
established by means of the results in section 4.

2.4. THEOREM. If My is a A-module, then M has a finite semicritical socle
series.

ProoOF. Let 8, denote the minimal Krull dimension of nonzero submodules
of M and let M, = U7_, Sc®M. Then M, is 8,-smooth and is a A-module. By 2.3,
|R/ann M,| = B,. Hence by [4, 3.3], M, has a finite semicritical socle series.

Let B,> B, denote the minimal Krull dimension of nonzero submodules of
M/M,, and let M,/M, = U, Sc?(M/M,). Then M-/M, is a B--smooth module.
Since M, is a A-module, there exist x,,---,x, € M: such that annM,=
(.., ann(x,). Then either x, €M, and |x.R | = B, or x, EM,— M, and | xR | = B,
by 2.1. Thus |R/ann(x,)]=8 or B, and since |R/annM,|=
supi=.=.{/R/ann(x,)|}, then |R/annM,|= B, or B.. However M./M, is an
R/ann M. module which is 8,-smooth and hence |R/ann M,|= 8,. By [4, 3.3],
since M./M, is B.-smooth and |R/annM,|= ., M./M, has a finite 8,
semicritical, socle series.

Continuing in this fashion we generate a sequence of modules M; C M, C
M;C---CM where M../M, is B..-smooth and |R/annM..,|=p,.,. The
sequence {anngM,} is a descending chain which must stop, since M is a
A-module. Thus there exists an integer n such that anng M, = annz M, for all
J Z n. This implies that 8, = B, for all j = n and hence that M,, = M, forall j = n.
Thus M, = M. Since each M,.,/M, has a finite semicritical socle series, the same
is true of M.

From the above proof we have that M,/M,, is B,-smooth and that
[R/ann M, | = B, which implies that |R/ann(M,/M,_,)|=B.. Thus from 2.3,
M, /M, is a B,-smooth A-module. Hence 2.4 yields a chain 0CM,CM.C:--C
M, =M in which the factors are smooth A-modules over R.

We now examine the endomorphism ring A of a A-module in light of the
structure provided by 2.4. We show that if M is finite dimensional then nil
subrings of A are nilpotent without assuming any additional conditions on M,
such as the condition that M is injective. Our procedure utilizes N(A)=
{f EA,Ker f=.M}. We begin by examining the interaction of N(A) and the
semicritical socle series. Recall if M is B-torsionfree, then we write Sc;M in
place of ScfM.
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2.5. LemMa. Let M and N be right R-modules and let f € Homg (M, N).
(1) If Kerf=.M and x €Sc*M, then |f(xR)| < B.

(2) If M and N are B-torsionfree, then f(Sc,M)CSc.N for all i.

(3) If M and N are B-torsionfree and Ker f =. M, then f(Sc,M)=0.

Proor. (1) Let x €Sc®M. Then x = x; +- - -+ x, where x,R is B-semicritical
and xR C =~ x,R. Thus [f(xR)| = supi=.<. |f(x.R)|. Since xR is B-semicritical
and KerfNxR =.xR, by [3, 2.4], |f(xR)|=|xR/x.R NKerf|< B. Hence
|f(xR)|< B.

(2) Let C be a B-critical submodule of M. If Kerf N C# 0, then f(C)=0
since N is B-torsionfree; otherwise f(C)=C. Hence f(S’M)CS®N. If
x €Sc,M =Cl;(SPM), then xT C S®M for some T € Mz;. Hence f(x)T =
f(xT)C S®N which implies that f(x)€ Cl; (S?N)=Sc,N.

Proceeding inductively, if f(ScM)CSc.N, then f induces a mapping
f*: M/Sc.M — N/Sc, N where f*(m +Sc.M) = f(m)+ Sc.N. Then

F*(Sc..:M[Sc.M) = f(Sc? (M/Sc.M)) C Sc? (N /Se,N) = Sc,.. N/Sc.N.

Thus f(Sc,..M)C Sc,..N.
(3) This follows from (1), since N is B-torsionfree.

2.6. PROPOSITION. Let M be a B-torsionfree module with B-semicritical socle
series 0CScMCSc,MC---CM. If A=EndgM and N =N(A), then
N¥*-SciM =0 for all k.

If A« =Endz(SciM) and N, = N(Ay), then Ni=0.

Proor. By 2.5, if f €N, then f(Sc;M)=0. Thus N ;Sc;M = 0. Furthermore,
f induces a mapping of M/Sc;M into M. Since Sc:M/Sc;M = Sc,(M/SciM), by
2.5, f(Se;M)C Se;M. Hence N-f(ScxM)=0 for all fEN and therefore
N?Sc,M = 0. Continuing in this fashion we have that N* - Sc,M = 0. The proof
of the last statement is similar.

Recall that a ring R is termed semiperfect provided that idempotents modulo
the Jacobson radical J{R) can be lifted, and R/J(R) is semisimple artinian. A
semiperfect ring is semiprimary if J(R) is nilpotent.

If M is a A-module over R with endomorphism ring A, we now show that
N(A) is nilpotent. Thus if M is finite dimensional and quasi-injective then A is
semiprimary.

2.7. THEOREM. Let M be a A-module with finite semicritical socle series (*).
Let A=End:M and N=N(A)={f EA|Kerf=.M}. Then N is nilpotent.
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Furthermore, the index of nilpotency of N is = the sum of the nonleading
coefficients of the polynomial TI'_, (x + n(i)).

Proor. We first verify the following. If N*M, =0, then N***?ScP- M = 0.
The proof is by induction on j, where 0=j = n(i). If j =0, then Scf~M =M,
and hence 0= N*M, = N"Scr,-HM Assume j =0 and let f € N****_ By induc-
tion, f(Sc#- M)=0. Let x ESc, ' M. Then f(xR) is a homomorphic image of the
B..,-semicritical module xR = xR + Scf-M/Sc’ M. Thus if

Ker f= (Ker f N xR )+ Scf - M/ScP+ M =, xR,

then |f(xR)| < B.+1 by [3, 2.4] and hence f(xR)CM, by 2.1.

If Kerf is not essential in xR, let D denote its relative complement in xR.
Since f(Sc#+M)=0, f induces a map f*: xR—> M, where f*(xr)=f(xr). Then
f*(D +Ker fy= D and hence f*(D +Ker f) CSc#-'M. Let h € N. By 2.5 and 2.1,
h(ScB«'M)CM Thus hf*(D +Ker )C M,. Since xR is B..,-semicritical and
Ker f+ D =.xR, then |xR/Ker f+ D |< B.., by [3, 2.4] and hence

| hf*(xR)/hf*(Ker f+ D)| < Bsn.

Since hf*(Ker f+ D)CM,, then |hf*(xR)+ M,/M,| < B..,. However M/M, is
B..-torsionfree which necessitates that hf*(xR) = hf(xR)CM..

Thus in either case hf(xR) C M,. By hypothesis, N°hf(xR) = 0. Since f, h and
x were chosen arbitrarily, we have that 0=N'NN"""Sch M =
NezDererariSeh o M =0, which verifies the claim.

By 2.6, N"‘”M =0. Since M. = Sc:, M, then from the above argument we
have that N @pg, = (). Note that n(1)n(2)+ n(1)+ n(2) is the sum of
the nonleading coefficients of (x + n(1))(x + n(2)). Continuing in this manner we
obtain the desired result that the bound on the index of nilpotency of N is the
sum of the elementary symmetric polynomials in the symbols n(l),- - -, n(k).

The bound on the index of nilpotency in 2.7 cannot be improved as the
following example shows. Let

—M=|Z %
R-v-[2 Zlen

The semicritical socle series (*) for M is

0 zZ,]_ 7 1z,
o8 Bl-mc[t Bloz-mon

Hence n(1)=n(2)=1. Let f, h € A where
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(5 =5 olea) wna w5 SJm)= ([0 7))

Then f, h € N(A) and h - f#0. Thus N*#0. The index of nilpotency of N is
3=nMn2)+n()+n(2).

2.8. CorOLLARY. Let M be a A-module with semicritical socle series (*). Let
A=EndgM and N = N(A). If S5 M =_ M, then the index of nilpotency of N is
snn2)---n(k).

Proor. If §#"M =, M, then S¢®N =0 for all 2= i = k. The proof now follows
as in 2.7 with this modification.

Combining 2.7 and [16, 3] we have

2.9. CoroLLARY. If M is a finite dimensional A-module, then nil subrings of
Endx M are nilpotent.

Every essential extension of an a-smooth R module is «-smooth and
therefore is a A-module by 2.2. Thus

2.10. CoroLLARY. If M is a finitely general a-module over R and T is any
essential extension of M, then nil subrings of Endx T are milpotent.

If H is a semiperfect ring with Jacobson radical J(H), and T an ideal of H
such that J(H)" € T CJ(H), then H/T is semiprimary. This is precisely the
relationship which exists between End(M) and End(Sc. M) when M is a finite
dimensional B-smooth injective module. In this situation we are not assuming
that M necessarily has a finite semicritical socle series.

2.11. ProprosITION. Let M be a B-smooth, finite dimensional injective module
over R with semicritical socle series 0 =Sc,M CSc,cM C-+- CM. Let H = Endr M,
J=J(H), H, =Endx(Sc.M) and J, = J(H,). Then

(1) H is semiperfect and H, is semiprimary for all i.

(2) H, =H/T, where T, is an ideal of Hsuch that ' CT. CJ. T, C T, forj =i,
and N, T,=0.

() H/lL.=H/JL

Proor. (1) Since M is a finite dimensional injective, and Sc,M is quasi-
injective by 2.5, we have J(H)= N(H) and J(H,)= N(H,). Now apply 2.6.

(2) By 2.5, Sc.M is quasi-injective for all i. Thus the mapping 6. : H—H,
where 6, (h)=h ISC‘M is a ring homomorphism which is surjective. Let T, =
Ker6,. By 2.6, J' =0 and hence J'CT, since H =H/T.. If h€T, then
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Sc.M CKer h. Since M is B-smooth, then ScM =. M, and thus Kerh =. M.
Hence T, CJ. Clearly T, C T, for j=<i, and ()_, T, =0, since M = U;_,Sc.M
and (MN_, T.)(M) =0.

(3) This is clear since 6,(J)=J..

Let I be an a-smooth indecomposable injective module. By [8, 2.2], ann(Sc I)
is 2 minimal «-coprimitive D. Furthermore, by 2.11, End(ScI)= H/J{(H) is a
division ring F. Then using [4, 4.11] and chapter 2 of [11], one can show the
following.

2.12. PROPOSITION. Let I be an a-indecomposable injective module, let D =
ann(Sc*I). Then F = Endg Sc°I is a division ring. Furthermore Sc°I is a finite
dimensional vector space over F with dimension equal to the uniform dimension of
R/D.

3. When End M is semisimple

Let M be an a-smooth injective module over R. In this section we examine
the annihilators of the factors of the a-semicritical socle series of M, and provide
necessary and sufficient conditions for Endx M to be semisimple.

From [8], there exists a one-one correspondence between the isomorphism
classes of a-indecomposable injectives and minimal «-coprimitive ideals given
by I - D =ann(S"I). We will say that D is the minimal «-coprimitive ideal
associated with 1. Using this relationship, it is shown in [4, 2.11] that
ann(SciM/Sci_ M) is a finite intersection of a-coprimitive ideals. Since the
annihilators of & -smooth modules are determined, we will restrict our attention
to this situation.

Let Mz be an a-smooth module with «a-semicritical socle series 0 CSc,M C
Sc;M C--- CSc,M = M. A minimal «-coprimitive ideal D is linked to M if D
annihilates a nonzero submodule of Sc,M/Sc, ;M for some i, 1 =i = n. In this
case we say that D is linked to M at the ith layer. By [4, 4.4] this is equivalent to
saying that D annihilates a factor module in a critical composition series for N,
where N is a finitely generated submodule of Mx.

3.1. PrROPOSITION. Let D be a minimal a-coprimitive ideal of R and let I
denote the associated a-indecomposable injective. If M is an a-smooth module,
then D is linked to the ith layer of M if and only if there exists a nonzero
homomorphism of Sc.M/Sc,_\M into L

Proor. If D is linked to the ith layer of M, then D annihilates a critical
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submodule C = C +Sc,_.;M/Sc,.;M of Sc,M/Sc,_,M. Since ScM/Sc, M is «-
smooth, |C|= a. Hence by [8, 2.1], E(C) = I The composite of the projection
map of C onto C and the inclusion of C into I provides a nonzero
mapf:C— C— I This extends to a map of Sc.M/Sc, M into I by the
injectivity of I

Conversely, suppose f:Sc.M/Sc,.;M — I is a nonzero homomorphism. If
S*(Sc.M/Sc,.;M)C Kerf, then Kerf=.Sc.M/Sc._.:M. By 2.5, we then have
f =0, which is a contradiction. Necessarily then there exists a critical submodule
C of Sc,M/Sc,.\M such that f(C)#0. Since the minimal Krull dimension of
nonzero submodules of I is a, then f(C)=C. By [8, 2.2], D =ann S°I and
therefore, 0 = f(C)D = f(CD), which implies that CD =0. Thus D annihilates
a nonzero submodule of Sc,M/Sc,_;M and hence is linked to M at the ith layer.

If D and D* are minimal a-coprimitive ideals of R and I* is the «-
indecomposable injective associated with D * then we say that D is linked to D *
if D is linked to I*.

3.2. CoroLLARY. Let D and D* be minimal a-coprimitive ideals of R with
associated o -indecomposable injectives I and I*, respectively. Then D is linked to
D* if and only if Home (I*,1)#0.

Proor. If D is linked to D*, then D annihilates a nonzero submodule of
Sc.I*/Sc,_I* for some i. By 3.1, there exists a nonzero map f : Sc.I*/Sc,_,I*— L
Thus 7°f : ScI*— Sc.I*/Sc,..I* — I is a nonzero homomorphism which extends
to f*:I*— I by the injectivity of L

Conversely, let f:I*—1I be a nonzero homomorphism. Since I*=
U, Sc,(I*), there exists a smallest integer ¢ such that ScI* ZKerf. Then f
induces a nonzero homomorphism f :ScI*/Sc¢,., I*— I By 3.1, D is linked to
I'*, and hence to D*.

In [6], Faith provides conditions which determine when End I is a division ring
for an arbitrary indecomposable injective. Linkage can be used to this purpose in
the following way.

3.3. THEOREM. Let Iz be an a-indecomposable injective module with «-
semicritical socle series 0CSc,I CSc,I C---CSc, I =1 Let D be the minimal
a-coprimitive ideal associated with I. The following are equivalent.

(1) A=EndrI is a division ring.

(2) Hom(I/K, I) =0 for all nonzero submodules K of I

(3) Hom({I/Sc.,LI)=0 forall i, 1=i=n.

(4) D is linked to I at only the first layer.
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Proor. The proof of (1)— (2) and (2)— (3) is direct. Now (3)— (4) follows
from 3.1.

(4)— (1): Let J denote the Jacobson radical of A. Then J ={j €A I Kerj=.1I}
and it suffices to show that J =0. If 0 #j € J, let i denote the smallest positive
integer such that j(ScI) # 0. By 2.5, j(Sci:I) = 0 and hence i > 1. Then j induces
a nonzero map j* : ScI/Sc,_;I — I, which implies by 3.1 that D is linked to the
ith layer of I, where i >1. Thus J =0, and EndrI is a division ring.

By 2.3, if I is a B-smooth A-module then |R/ann I |= B. Thus an analogous
statement to 3.3 can be made for an indecomposable injective which is a
B-smooth A-module.

3.4. THEOREM. Let M be a finite dimensional a-smooth module and let
EM)=1,---@ L., where I is an a-indecomposable injective for 1 =i = n. Let
D, denote the minimal a-coprimitive ideal associated with I.. Then Endr E(M) is
semisimple if and only if D, is linked to I, at only the first layer for 1 =i = n, and D,
is not linked to D, unless I, =1I,.

Proor. By 3.2, if D, is not linked to D, unless I, = I, then Hom(J,,I,)=0
for IL#I. Further by 3.3, Endrl is a division ring. Hence Endr E(M) is
semisimple. Conversely suppose EndzE(M) is semisimple. Then J=
{j €End E(M)lKerj =.E(M)} =0. By 3.1 if D, is linked to I, at the ith layer,
there exists a nonzero mapf:1/Sc...[,— I and hence a nonzero map
f*: > L/Sc..,, > I, where Kerf*DSc, ;I Then f* extends to a map
k:E(M)— E(M) where k([is,---,i,])=f*(@i) for i, €I, where 1 =t = n. Then
k € J =0, which implies that f =0 unless i = 1.

If f:I,—1 where L#I, then Kerf=.I. Again f extends to a map
k:E(M)— E(M) where k([is,---,i,])=f(ii). Then k €J =0 which implies
that f =0. By 3.2, D, is not linked to D,.

From [8, 2.5] for the right noetherian ring R, there is only a finite number of
a-coprimitive ideals, and hence only a finite number of isomorphism classes of
a-indecomposable injectives. Let I;, - - -, I, be a complete set of representatives
of these injectives. If R is an a-smooth ring, then in {4, 4.11] we show that R is
semicritical provided $¢I, = I, for all i, 1 =i = k. We get another equivalence
using 3.4.

3.5. CoroLLARY. LetI,,- -, I denote a complete set of distinct representatives
of the isomorphism classes of a-indecomposable ~injectives. Let M =
ILOLA - -P L. Then Endg M is semisimple artinian if and only if S°I, = I, for
all 1=sisk
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Let QO be a uniform quasi-injective module which is a-smooth and let
0CSc;Q C---CSc.Q = Q be an «a-semicritical socle series for Q. In 2.7 it is
shown that the Jacobson radical N = N(A) of A = Endg Q is nilpotent with index
of nilpotency = n. Using linkage we can improve upon this bound.

3.6. PROPOSITION. Let Q be a uniform quasi-injective a-smooth module with
A=EndzQ and N={fEA l Kerf=.Q}. Let D denote the minimal «-
coprimitive ideal associated with E(Q). Then the index of nilpotency of N is =
the number of layers of Q to which D is linked.

ProofF. The proof is by induction on the number n of layers of Q to which D
is linked. If n =1, then D is linked only to the first layer of Q. As in 3.3 this
implies that J = 0. Suppose D is linked to exactly n layers of Q where n > 1. Let
Sc.Q/Sc,-,Q be the last layer of Q to which D is linked. Then Sc,_,Q is an
a-smooth uniform quasi-injective module such that D is linked to exactly n — 1
layers of Sc,_;Q. By induction if N* = N(Endk Sc,-;Q), then (N*)*~' =0.

Let ji,- -+, j. € N. Then j, lSc,_IQ € N* which implies that j,- - - j. (Sc..,Q) =
0. Thus j,* - - j, (Sc,Q) is a homomorphic image of Sc.Q/Sc,_;Q and hence by 2.5,
jor e ja (Sc,Q)CSc;Q. By 2.5 then jij,--+j.(Sc.Q)=0. Let k be the largest
integer such that jij, -« j.(ScQ)=0. If SckQ# Q, then jj,---j. induces a
nonzero map Sci.1Q/Sc,Q — Q. By 3.1, D is linked to the (k + 1)st layer of Q.
However k = t and Sc,Q/Sc,-,Q is the last layer of Q to which D is linked which
is impossible. Thus Sc.Q = Q and j,j.- -+ j. =0.

4. The localization of R with respect to /.

In {7, 8.9], the following theorem appears providing a converse to the
Teply-Miller Theorem [13]. We include a sketch of the proof for the conveni-
ence of the reader. Also see [14] and [15] by C. Nastasescu and [12] by G.
Hansen.

4.1. THEOREM. Let M be a quasi-injective module over a ring A and let
A =Enda. M, then the following are equivalent.

(1) M is a A-module.

(2) aM is noetherian.

(3) uM is artinian and noetherian.

(4) M satisfies the ascending chain conditions for right annihilators in A and the
biendomorphism ring of M, is semiprimary.

ProoF. The proof of (2)—(1) is direct and (3)—(2) is clear. To show
(1)— (3), we assume first that M, is injective. Let 7 be the torsion theory
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cogenerated by M. By [17, p. 61], A satisfies the descending chain condition for
7-closed right ideals and hence by [13, 1.4], A satisfies the ascending chain
condition for 7-closed right ideals. If x,,---,x, €M, then (Ax,+---+Ax,)' =
Ax,+ -+ Ax,. Thus \M satisfies the ascending and descending chain condition
for finitely generated submodules. Hence M is noetherian, which in turn
implies that M is artinian.

If we now assume that M is a quasi-injective A-module, then M is finitely
annihilated. Hence, M is a A-injective A/ann M-module. Since End M =
End 4 ann v M, the result follows.

The implication (3)— (4) is a consequence of [9, p. 324} where it is shown that
the endomorphism ring of a module of finite length is semiprimary.

Finally (4)— (1) is a consequence of the following result of [7, 8.9].

4.2. ProrosiTiON [C. Faith].  Let M be a module over a semiprimary ring S and
let 6 : A — S be a ring homomorphism such that 8(1,) = 1s. If M as an A -module
via 8 satisfies the ascending chain condition for right annihilators, then M is a
A-module.

If 7 is a torsion theory for a ring A, then as in [10] let Q, (M) denote the
localization of M, with respect to 7, let A, denote the localization of A with
respect to 7 and let E, (M) denote the 7-injective hull of M. From [10, p. 61]
there exists a ring homomorphism 7 : A — A,. From 1.4 and 1.5 of [15], we have

4.3. ProposiTION [C. Nastasescu]. If E is a A-injective right A -module, then
A, is a semiprimary ring, where 7 is the torsion theory cogenerated by E. In addition
E is a A-injective module over A., and A, = Biend(Eg).

If A is right noetherian, then every A.-module N is a A-module over A via the
ring homomorphism 7 : A — A,.

4.4. COROLLARY. Let M be a right module over the right noetherian ring A,
and let 7 be a torsion theory. If R, is semiprimary, then Q.(M) is a A-module over
R

If My is T-torsionfree, then M is a A-module over R.

Proor. This follows from 4.2 and the fact that if M is torsionfree, then M
embeds in Q,(M).

We now consider the ring R which is right noetherian and |R|=a. If R is
a-smooth, then E(R) is a-smooth, and hence by 2.3, is a A-module. Thus from
4.3 we have
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4.5. THEOREM. If the ring R is a-smooth, then the complete ring of quotients
Q(R) is semiprimary.

In [8], we show that there exists a 1-1 correspondence between the a-
indecomposable injective modules, the a-primes and the minimal a -coprimitive
ideals. In this correspondence, if I is an a-indecomposable injective, then I is
associated with the a-prime P =assI and the minimal «-coprimitive ideal
D =annSL

Let Jy, -, J. denote a complete set of representatives of the isomorphism
classes of a-indecomposable injectives. The topology M. ={H <R HR/H | <
a} is determined by J,---,J.. It is also determined by E(R/N) where N
denotes the intersection of the a-primes, and by E(R/K.(R)) where K. (R)
denotes the intersection of the minimal «-coprimitive ideals.

4.6. ProposITION.  The ring R, is semiprimary and all modules over Ry, are
A-modules over R.

Proor. Let E=J,&---@J.. By 2.3, E is a A-injective module. The result
now follows from 4.3.

By applying the results of section 3, we can determine when R, is
semisimple.

4.7. ProrosiTiON. The following are equivalent.

(1) Ru, is semisimple artinian.

(2) SI =1 for all a-indecomposable injective modules 1.

(3) K.(R)=T, where T is the maximal right ideal with |T|< .

Proor. The equivalence of (2) and (3) is from [4, 4.7].

(3)—(1): If 1 = M., then 7(R) = T. We now use [3, 6.5]. Let Ex (R/7(R))=
I,P- - DI, where I are a-indecomposable injectives for all i, where 1 =i = n.
Since SL=1I for all i, then Sc(L,® - PL)=LB --PL. Now
R/T(R)=.L,®--- @I, and finitely generated submodules of I, P -- - P I, are
semicritical. Hence if x EI,@ - - - @ L., then [xR + R/7(R)/R/7(R)| < a. Thus
E.(R/T(R))=1,@®---@ L. By 3.5, End(E. (R/7(R))) is semisimple and equals
Ry,

(1)— (3): Suppose Ry, is semisimple. Since each a-indecomposable injective
module I is /, -torsionfree, then I is an R,_-module. By [4, 3.1}, SI is /., -closed
in I,. Hence Q,,_ (SI) = SI and therefore SI is also an R, -module. Since R, is
semisimple and I is indecomposable, necessarily I = SL
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4.8. CoroLLARY. If Ry, is semisimple, then Q(R)= R, if and only if
K. (R)=0.

Proor. If K,(R)=0, then by [4, 4.11], Z(R) =0 and the set of large right
ideals equals (. Thus R4, = Q(R).

Conversely let 7 = #, and let T = 7(R). By [10, 6.11], then R, T = 0. Hence
Q(R)- T =0 which implies that T = 0. Since Ry, is semisimple K,(R)=T by
4.7. Thus K, (R)=0.

We close this section with an example to illustrate some of the results.

4.9. ExampLE. Let

Z 17 1, Z 171,
A=|0 Z Z,| and B=|Z Z 1Z,
0 0 2z, 00 Z

Then A and B are right noetherian rings of Krull dimension 1. Now A4, =[§ §
which is semiprimary and B, =[3 &), which is semisimple.
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